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Abstract 

An approach using mathematical modeling and parameter estimation techniques was established to determine 
the best-fit mass transfer coefficients of the dried-layer resistance during primary' drying of pharmaceuticals, in order 
to minimize experimental efforts. For modeling of the primary drying process, the equations associated with heat 
and mass transfer mechanisms established by Pikal were used as the model equations, whereas the parameter 
estimation was accomplished by Powell's nonlinear least-squares minimization algorithm. The advantages of this 
approach include that it can be applied to analyze various types of measurable quantities, such as the cumulative 
mass of sublimation M t, the temperature profiles at the bottom center of the frozen layer Tb, and the pressure 
profiles of the vials. It can also be used for these quantities measured using the vials with different heat transfer 
coefficients. To test the performance of the proposed approach, hypothetical values of M t and T b, with perturbed 
errors, were simulated using the modeling algorithm and a random number generator. These values were in turn 
used as the input data for parameter  estimation. The results show that the best-fit mass transfer coefficients are 
successfully obtained using either the hypothetical M t or T b profiles, with appropriate initial guesses of the 
parameters. All computations in modeling and parameter estimation were developed in FORTRAN and compiled 
using Microsoft FORTRAN compiler, of which the source codes and documentation, with detailed mathematical 
equations and computation steps, are available upon request. 

Keywords: Freeze drying; Collapse temperature; Monte Carlo simulation; Pikal's models; Powell's algorithm; 
Parameter estimation; Pseudo steady state; Random number generator 

1. Introduct ion 

The  hea t  and  mass  t r ans fe r  mechan i sms  in- 
volved in the  p r imary  drying of  p h a r m a c e u t i c a l s  
have been  extensively inves t iga ted  by a n u m b e r  o f  
r e sea rche r s  (Dyer  and  Sunde r l and ,  1968; Kare l ,  
1975; Mel lor ,  1978; H o  and  R o s e m a n ,  1979; Nai l ,  

* Corresponding author. 

1980; Pikal  et  al., 1984; Mi l lman  et al., 1985; 
Pikal ,  1985; L o m b r a n a  and  Diaz,  1987; Jennings ,  
1988). A m o n g  them,  one  of  the  most  thorough  
analyses  was a t t r i bu ted  to Pikal  (1985) who com- 
b ined  all p rocesses  in the  p r imary  drying f rom the 
shelf  to the  condenser .  Dur ing  the course  of  
drying,  one  of the  most  impor t an t  issues is to 
ma in ta in  the  sample  t e m p e r a t u r e  be low the col- 
l apse  t e m p e r a t u r e  (or  eu tec t ic  t e m p e r a t u r e  for 
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compounds that form crystallines after freezing). 
The sample temperature is not normally directly 
controlled. Rather, the shelf temperature and 
chamber pressure are directly controlled, and the 
product temperature is automatically adjusted ac- 
cording to the balance between heat input from 
the shelves and heat removed by sublimation. In 
this sublimation process, the product temperature 
becomes a function of the sublimation rate, the 
geometry and configuration of the vial, the thick- 
ness of the frozen product in the vial, the cham- 
ber pressure, and the mass transfer resistance of 
the dried layer. The dried-layer resistance is par- 
ticularly important for a relatively thick solution. 
It gradually increases during the drying period, 
resulting in increasing of the mass transfer resis- 
tance through the dried layer, followed by warm- 
ing of the frozen layer. As such, a desired begin- 
ning temperature of the frozen layer does not 
always warrant a successful primary drying 
throughout the entire period. 

The thickness of the solution to be freeze 
dried is conventionally thin, preferably less than 
2.5 cm to avoid prolonged drying time. In addi- 
tion to the conventional applications of freeze 
drying, the advantages of freeze drying, such as 
rapid reconstitution and sterile fill capability, have 
been found to be very useful in some new phar- 
maceutical applications, such as controlled drug 
delivery. In these new applications, the thickness 
of the product may vary over a wide range in 
order to meet certain product requirement crite- 
ria. For this case, it is important to maintain the 
temperature profile of the frozen layer below the 
collapse temperature in the entire primary drying 
period. Since it is very difficult to perform contin- 
ual sampling and assays to determine the progress 
of freeze-drying once the vacuum system is 
started, mathematical modeling becomes very im- 
portant for such a complex system. The mathe- 
matical modeling can be used to predict optimum 
drying conditions to ensure that the quality of the 
products can be maintained. 

The objectives of this work include: (1) to 
develop FORTRAN programs to perform model- 
ing and simulations for the primary drying pro- 
cess; and (2) to evaluate the dried-layer mass 
transfer coefficients using a parameter estimation 

technique in order to minimize experimental ef- 
forts. 

2. Modeling and parameter estimation of primary 
drying process 

2.1. Equations of heat and mass transfer 

The primary drying process is governed by the 
complex heat and mass transfer mechanisms 
through the vial, as depicted in Fig. 1. To simplify 
the mechanisms, it is assumed that the heat and 
mass transfer processes are one-dimensional and 
vary only in the vertical direction. This may be 
achieved by thermal shielding from adjacent vials 
(Pikal et al., 1984) or, for a research purpose, by 
insulating the side walls of the vials. In Fig. 1, as 
soon as the thermal equilibrium is established, it 
is reasonable to assume that a pseudo steady 
state is established within a small time interval of 
sublimation. This assumption includes two impli- 
cations. First, the rate of heat transfer across the 
various phases, from the shelf to the surface of 
the frozen layer, is constant. Second, the temper- 
ature profile is linear across the frozen layer at 
any drying time during primary drying. 

The equations of heat and mass transfer mech- 
anisms used in this paper are obtained from Pikal 
(1985, Eq. 2, 3, 15, 18, 22-26, 31, 32, and 41), 

Resistance ) / Cb~enser 

~ Chamber 4 { l ,-, 

~ Stopper ~ 

Dried layer 
4 

Fig. 1. Schematic diagram of temperature,  pressure, and mass 
transfer resistances, in primary drying. 
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except that the general empirical equation for 
evaluating the dried-layer resistance (Eq. 12 in 
Pikal's paper) is modified to include the effect of 
temperature.  This equation may be expressed in 
terms of temperature in various forms. In this 
paper, the following equation is used: 

R p =  ( R° + A l  { )( TJZ73)  A4 

1 + A 2 { ( T J 2 7 3 )  A~ (1) 

where R0, AI, A2, A3, and A n a r e  the mass 
transfer coefficients; T a is defined as the temper- 
ature at the moving surface of the frozen layer in 
this paper and { as the thickness of the dried 
layer at any time. Under  an isothermal condition, 
/?p may be directly determined by experiment, 
such as the microbalance technology used by Pikal 
et al. (1983), where the dried-layer resistances of 
a number of formulations under  various thermal 
histories have been obtained using this method. 
A sophisticated freeze-drying microbalance, how- 
ever, is needed to perform this task. The ap- 
proach proposed in this paper intends to mini- 
mize the experimental efforts. It will be shown 
later that the parameter  estimation approach 
proposed in this work does not need to assume 
an isothermal condition. In the computation pro- 
cedure, Z~ is automatically adjusted by the heat 
and mass transfer mechanisms. A numerical exer- 
cise shows that Eq. 1 gives an excellent fit to the 
experimental data of potassium chloride and 
povidone determined at various temperatures, 
under each isothermal condition, as reported by 
Pikal et al. (1983). The resulting mass transfer 
coefficients are given as: R 0 = 5.351, A 1 = 47.67, 
A z = 60.18, A 3 = 43.12, A 4 = 7.109 for potassium 
chloride, and R 0 = 2.86, A 1 = 10.89, A 2 = 5590.8, 
A3 = 95.70, and A 4 = 6.125 for povidone. 

2.2. Primary-drying subroutine PDRYS 

The entire modeling process for the primary 
drying was developed using F O R T R A N  and com- 
piled in a primary-drying subroutine PDRYS. The 
solutions of the simultaneous heat and mass 
transfer equations were performed by the New- 
ton-Ralphson iteration method (Carnahan et al., 
1969, p. 319). For convenience of use, the compu- 

tations of the primary drying process were devel- 
oped based on two options, the fixed time inter- 
val (FTI) and the fixed thickness interval (FFHI).  
In the former option, the drying time is treated as 
the independent variable, whereas the dried-layer 
thickness becomes one of the dependent  vari- 
ables. This approach is more realistic from exper- 
imental design standpoint, since in general drying 
time is much easier to monitor than the dried- 
layer thickness. On the other hand, in the later 
approach the dried-layer thickness is the inde- 
pendent variable, whereas the drying time be- 
comes one of the dependent  variables. This op- 
tion is similar to that in the software package 
MLAB used by Pikal (1985), where the primary 
drying was divided into several stages and the 
mean sublimation rate was evaluated for each 
stage. Thus, this option was developed primarily 
for comparison of the approach proposed in this 
work with that used by Pikal (1985). The entire 
computation scheme is illustrated by the flow 
diagram in Fig. 2. The heat and mass transfer 
equations become simultaneous nonlinear alge- 
braic equations in terms of the six variables rh 
(sublimation rate), T~ (shelf temperature),  T t 
(surface temperature of the tray), T b (tempera- 
ture at the bottom center of the frozen layer), T. d 
( temperature at the moving surface of the frozen 
layer), and Pv (pressure in the vial). For each 
incremental time interval or thickness interval 
under the pseudo steady-state condition, these 
equations were solved by the Newton-Ralphson 
iteration method, as described earlier, to obtain 
the solutions for the six variables. 

The dried-layer thickness { for the FTI option 
or the drying time t (in h) for the FTHI option 
are then updated for each computation step. The 
cumulative mass of sublimation for either option 
is also computed, as described below. 

2.2.1. FTI option 
The change in the sublimed mass AM t in each 

computation step for the FTI option is computed 
by 

AMt = rnavgAt/60 (2) 

where rhavg is the average rate of sublimation in 
g /h ,  between two computation steps; the time 
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interval At is in min. The corresponding change 
in the frozen layer thickness A t e, in cm, is then 
obtained as: 

4AM t 
A { -  rrd2p----- ~ (3) 

where P I is the density of ice, which can be found 
in the literature (Rohsenow et al., 1985) equal to 
0.917 g / c m  3 at 0°C; e is the porosity or volume 
fraction of water in the frozen layer; d is the 
inside diameter of the vial. Thus, { and M t 
become: 

g = f + A t  e (4) 

and 

M t = Erhav~At/60 (5) 

2.2.2. FTHI option 
The change in the drying time At in each 

computation step for the FTHI option is com- 
puted by: 

7rd2A f ple60 
At - (6) 

4rhavg 

The corresponding change of the sublimation 
mass AM t is the same as Eq. 2. Thus, the drying 
time t and M t become: 

t = t + At~60 (7) 

and 

M t = ~ r h a v g A t / 6 0  (8)  

Using the pseudo steady-state approximation 
described earlier, the procedures described from 
Eq. 2 to 8 are repeated for both options until g 
is equal to {m" For convenience of discussion in 
the proceeding sections, the region within the 
dotted lines in Fig. 2 is termed the primary-drying 
subroutines PDRYS. 

2.3. Parameter estimation -using Powell's algo- 
rithm 

The purpose of parameter estimation in this 
section is to search for the best-fit dried-layer 
mass transfer coefficients to the experimental 
data. In order to perform this task, an iterative, 

or trial-and-error, computation procedure is em- 
ployed. For each iteration, if the discrepancy 
between the experimental and computed data is 
high, the values of the initial guess of the param- 
eters are adjusted until no further improvement 
is observed. The foregoing procedure is equiva- 
lent to the nonlinear least-squares algorithm, 
where the best-fit values of the parameters are 
obtained by minimizing the following sum of the 
squares, SSQ: 

N 
S S Q =  ~] [W,( I~( t ) -  Y/(t))] z (9) 

i=1 

where I2(t) and Y~(t) are the theoretically and 
experimentally determined dependent variable, 
respectively, N denotes the number of experi- 
mental data points, and W/ is the pertinent 
weighting factor for each data point. The com- 
monly used values of IV/ are 1 and 1 / I  ~. The 
former indicates that the error variances of the 
observed dependent variable are constant over 

Option 1 : r - . . . . . . . . . .  
Input: vial F~ ~ Choose time ~ i 
constants chamber ] 1  interval At I ~' i - -  ] 
constants, heat & _ _ ~ [  [ ~  Compute: Rs, 
mass transfer | _ ~  ~ ,L ~ [ Ktr ,&Kv ] 
coeff c ants I 1opt,on 2: / T  i T 

I I L--~Choose t h i c k n e s ~  I 

Compute res dua s [Starting values of 6~ r 1 
of simultaneous ~ ' ~ [ v a r i a b l e s ,  r'n, Ts, T t , l~ ,~  Se~T__IoMEo=OO &/ 

equat,o i • " Fb, Za, Pv. J 

Compare 6 I 
Update 6 - ~ | o l d  & updated 
var iables. [var ab us. 

J 

Solve simultaneous [ 
equations using 
Gauss elimination. 

Replace 6 old 
variables by 
updated ones. 

~ No 

It=t+At 

T / / / ~  / 
I 

Outputs: 6 variables, I 
cumulative mass of 
sublimation, drying " ~ ~  Ye~/ 
rates, etc, . ~  Subroutine 

PDRYS / . . . . . . . . . . . . . . . . . . . . . .  

Fig. 2. Computation schemes of the primary drying computer 
subroutine PDRYS. 
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r Input: vial c%nstants, I 
chamber constants, and ! 

IAt for pseudo-steady state I 
[integration I 

Input: initial guesses of A3, 
~parameters, R0, A1, A2, 
/A4, and the step size of 
Leach parameter 

1 
Perform computations ] 
using Powell's algorithm[ 
to determine the best-fit/ 

[parameters. / 

Primary-drying 
subroutines 

PDRYS / 

Yes 

Output: parameters R0,] 
A1, A2, A3, & A4, fitted / 
values of dependent i 
variables 

1 
Input: Observed freeze~ 
drying data, Mt or Tb | 
profiles | 

Adjust the values I 
of parameters, R0,1 
A,, A2, A4 j 

Fig. 3. Computation schemes of the parameter estimation 
using Powell's algorithm. 

the entire range of measurement. The latter indi- 
cates that the error variances of the observed 
dependent variable are proportional to the recip- 
rocals of predicted values of the dependent vari- 
able. The nonlinear least-square procedure de- 
scribed by Eq. 9 was performed using Powell's 
algorithm (Powell, 1965). The advantages of Pow- 
ell's algorithm have been extensively discussed by 
Himmelblau (1972), Kuu et al. (1992), and Kuu 
(1992). Due to the versatility of this algorithm, 
the parameters can be determined as the 'best-fit' 
values over the entire time course of the primary 
drying. The entire computation scheme is illus- 
trated by the flow diagram in Fig. 3. 

In the paper by Pikal (1985), it is reported that 
the software package MLAB was used to solve 
the simultaneous heat and mass transfer equa- 
tions. MLAB is a sophisticated commercialized 
software package designed for general mathemat- 
ical modeling and parameter estimation pur- 
poses, originally developed at the National Insti- 
tutes of Health for DEC computers, and is now 

available in enhanced form for IBM PCs and 
compatible from Civilized Software, Inc. (Be- 
thesda, MD). The major components of the 
MLAB system include: (1) a curve fitting to de- 
termine the parameters of a model function; (2) a 
differential equation system solving program; and 
(3) an extensive repertoire of mathematical and 
statistical functions and operators. It is clear that 
MLAB is not designed specifically for solving 
freeze drying problems. By comparison, the pri- 
mary purpose of this paper for parameter estima- 
tion is intended to develop computation schemes 
which are specifically for solving the primary dry- 
ing problems described in this paper. The partic- 
ular problems encountered in this paper are not 
simple curve-fitting tasks. They include: (1) a 
nonlinear parameter estimation algorithm with 
complex objective functions which cannot be ex- 
pressed in equation forms and have to be devel- 
oped in computer subroutines; (2) a pseudo 
steady-state approximation in each incremental 
time interval or thickness interval; and (3) a non- 
isothermal dried-layer resistance which consists 
of a moving surface temperature of the frozen 
layer that needs to be updated for each computa- 
tion step. The current version of MLAB appears 
to have difficulty in performing the tasks de- 
scribed above. 

3. Results and discussion 

3.1. Comparison with data in the literature 

The experimental and simulated data for 5% 
mannitol and 5% povidone (PVP) reported by 
Pikal (1985) were used to assess the validity of 
the primary drying subroutine PDRYS developed 
in this work. The maximum thickness of the dried 
layer is 1.3 cm for both formulations. The source 
codes were compiled using Microsoft FORTRAN 
compiler version 5.1, and the resulting executable 
files were run using an IBM compatible person- 
nel computer. The selected outputs for compari- 
son are the cycle time, shelf temperature, mean 
product temperature, and maximum product tem- 
perature. The dried-layer mass transfer coeffi- 
cients used for computations, as given by Pikal 
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(1985), are: (1) R 0 = 1.40, A 1 = 16.0, and A 2 = 
A 3 = A  4 = 0.0, for 5% mannitol; and (2) R 0 = 1.13, 
A 1 = 5.0, and A 2 = A  3 = A  4 = 0.0, for 5% povi- 
done. It  is noted that for A 2 = A  3 = A  4 = 0.0, Eq. 
1 becomes identical to Eq. 12 in the paper  by 
Pikal (1985) for the case of 5% mannitol and 5% 
povidone. The simulated results by Pikal (1985, 
Table VI) and those obtained from this work are 
presented in Table 1, using the same number  of 
drying stages NS for both methods in order to 
perform a direct comparison. It shows that the 
results obtained in this work are very close to 
those obtained by the simulated results by Pikal 
(1985), and fairly close to those obtained by ex- 
periments,  indicating the validity of the PDRYS 
subroutine. 

3.2. Parameter estimation -determination of 
dried-layer resistance 

The input data for performing parameter  esti- 
mation include the measurable independent  and 
dependent  variables. The measurable indepen- 
dent variable used here is the drying time. Vari- 

ous measurable dependent  variables can be used. 
They include: (1) the cumulative mass of sublima- 
tion M t, (2) the tempera ture  profile at the bot- 
tom center of the frozen layer Tb, (3) the temper-  
ature profile at any specific location along the 
axis of the frozen layer, and (4) the pressure 
profile in the vial Pv. These variables can be 
easily generated through the subroutine PDRYS 
depicted in Fig. 2. In this paper,  only the first two 
dependent  variables are discussed. In order to 
test the proposed parameter  estimation ap- 
proach, two sets of data were generated using 
PDRYS and used as the hypothetical input data 
for parameter  estimation, as depicted by the com- 
putation schemes in Fig. 3. These data sets were 
chosen to closely mimic two freeze-drying scenar- 
ios. The first data set was generated using the 
vials with constant heat transfer coefficients using 
the FTI  option and the value of At was set to 10 
min, which was tested to give sufficient accuracy 
of computations. The values of M t and T b were 
then computed at several time points. The typical 
vial chosen, as given by Pikal et al. (1984) and 
Pikal (1985), is 5800W (from Wheaton Glass Co.), 

Table 2 
Hypothetical  and est imated values of M t and T b as a function of time, with constant  vial heat  t ransfer  coefficients 

(1) Time (rain) (2) Mti (g) (3) Tbi (K) (4))kl t (g) (5)/14 t (g) (6) 7~b (K) (7) 7~b (K) 

60 0.25352 248.732 0.25303 0.25402 248.355 248.886 
120 0.48756 250.231 0.48675 0.49019 249.913 250.373 
180 0.70981 251.154 0.70866 0.71493 250.879 251.134 
240 0.92458 251.759 0.92302 0.93194 251.517 251580 
300 1.13433 252.173 1.13229 1.14343 251.957 251.863 
360 1.34059 252.468 1.33798 1.35082 252.271 252050 
420 1.54433 252.684 1.54107 1.55507 252.501 252177 
480 1.74621 252.843 1.74222 1.75688 252.672 252263 
540 1.94670 252.963 1.94193 1.95675 252.800 252.320 
600 2.14616 253.053 2.14053 2.15507 252.897 252.357 

The values of R0, A1, A2, A3, A4, and SSQ for each trial are given by the following paramete r  sets obtained,  indicated by the 
column number :  
(2) Set no. 1, 5.351, 47.67, 60.18, 43.12, 7.109, SSQ = 0.3096 × 10 -2  (W i = l / Y ) .  
(3) Set no. 1, 5.351, 47.67, 60.18, 43.12, 7.109, SSQ = 31.44 (IVi = 1). 
(4) Set no. 2: 6.574, 55.56, 42.63, 39.00, 8.748, SSQ = 0.2982 x 10 -2  ( W  i = l / l ) ) .  
(5) Set no. 3: 5.402, 44.38, 9.988, 23.98, 7.109, SSQ = 0.3687 x 10 - z  (IV/, = 1/l~).  
(6) Set no. 4: 3.484, 35.11, 78.11, 47.39, 4.376, SSQ = 30.09 (W i = 1). 
(7) Set no. 5: 2.148, 37.33, 62.72, 35.05, 0.6187, SSQ = 30.97 (W i = 1). 
Hypothetical  experimental  conditions: vial, 5800W; formulation,  8 ml of  5% KCI; A T V  = 5.195 cm 2, A v = 4.71 cm 2, Ap = 3.80 
cm2, Pc = 0.1 mmHg,  Kp = 3.32 × 10 -3, Tf = 273.0 K, KC = 2.64 X 10 -4,  KD = 3.64, KTC = 100, KTP = 100, K T D  = l, K t = 0.0059, 
K s = 0.0015, S o = 4.8, S 1 = 169.0, At = 5 min, d = 2.20 cm, Pl = 0.917 g / c m  3, E = 1 - 0.05 = 0.95, { m = 2.3 cm. 



248 w.-Y. Kuu et al. / International Journal of  Pharmaceutics 124 (1995) 241-252 

with A v = 4.71 cm 2, and  A p  = 3.80 cm z, KC = 
2 . 6 4 x  10 -4, and  K D = 3 . 6 4 .  T h e  fo rmula t ion  
chosen  was 8 ml of  5% KC1, with the  fol lowing 
d r i ed - l aye r  mass  t r ans fe r  coeff ic ients ,  as de-  
sc r ibed  ear l ie r :  R 0 = 5 . 3 5 1 ,  A 1 = 4 7 . 6 7  , A 2 =  

60.18, A 3 =43 .12 ,  and  A 4 = 7.109. The  resul ts  
a re  l i s ted  in Tab le  2, co lumns  2 and  3, whe re  the  
dens i ty  of  the  ice used  was o b t a i n e d  f rom 
R o h s e n o w  et al., as desc r ibed  ear l ier .  W i t h o u t  
e x p e r i m e n t a l  d a t a  and  only for  m o d e l i n g  pur-  
poses ,  the  vo lume  f rac t ion  of  wa te r  E is approxi -  
m a t e d  a s  (1 - p e r c e n t  o f  d r u g  
c o n c e n t r a t i o n / 1 0 0 ) .  T h e  second  scenar io  is the  
vials with d i f fe ren t  hea t  t r ans fe r  coeff ic ients ,  
hence  with d i f fe ren t  va lues  of  KC and  KD,  so 
tha t  the  drying ra te  var ies  f rom vial to vial. Ide -  
ally, with this  type  o f  e x p e r i m e n t a l  design,  var ious  
va lues  of  the  d r i ed - l aye r  th ickness  may  be  ob-  
t a i ned  at  one  t ime point .  T h e  va lues  of  M t and  
T b were  o b t a i n e d  us ing the  sub rou t ine  P D R Y S  
with  the  F T I  op t ion ,  and  the  va lue  of  A t  was also 
set to 10 min.  T h e  typical  vial and  fo rmula t ion  
a re  the  same  as those  in Tab le  2. T h e  resul ts  a re  
l i s ted  in T a b l e  3, co lumns  2 and  3. 

P r io r  to p e r f o r m i n g  p a r a m e t e r  es t imat ion ,  in 
o r d e r  to mimic  ac tua l  expe r imen t a l  scenar ios ,  the  

values  of  Mti  o r  Tbi in the  second  and the  th i rd  
co lumns  of  Tab les  2 or  3 were  s imula ted  using 
p e r t u r b e d  e r ro r s  at  each  da t a  point ,  as given by 
the  fol lowing equat ion :  

Yij = Y ( t , O )  + ~ u, i = 1 ,M,  j = 1 , N  (10) 

where  i is an index ind ica t ing  the  da t a -po in t  
number ;  j is an index ind ica t ing  the  rep l i ca te  
n u m b e r  for  each  da t a  point ;  M is the  to ta l  num-  
be r  of  da t a  points;  N is the  to ta l  n u m b e r  of  
rep l ica tes  to be  s imula ted ,  which was chosen  to 
be  equal  to 2 in this pape r ,  as will be  d iscussed  
la ter ;  Yu is the  s imula ted  d e p e n d e n t  var iab le  

r e p r e s e n t i n g  e i the r  Mti o r  Tbi; 0 ind ica tes  the  
p a r a m e t e r s  of  the  d r i ed - l aye r  res i s tance  in Eq. 1; 
E ij symbol izes  the  s imula t ed  e r rors  a t  da t a  point .  
The  e r rors  were  g e n e r a t e d  using the  M o n t e  Car lo  
m e t h o d  (Metz le r ,  1981; M e tz l e r  and  Tong,  1981; 
Kalos  and  Whi t lock ,  1986), o f  which  a r a n d o m  
n u m b e r  g e n e r a t o r  was used  to ob ta in  the  simu- 
l a t ed  errors .  To p e r f o r m  the  r a n d o m  n u m b e r  
gene ra t ion ,  a F O R T R A N  subrou t ine  p rov ided  by 
C a r n a h a n  et  al. (1969, p. 549) was used  to ob ta in  
a pa i r  of  un i fo rmly  d i s t r ibu ted  r a n d o m  numbe r s  
( x l , x  2) be tw e e n  0 and  1. This  p r o c e d u r e  was 
p e r f o r m e d  for  each  da t a  point .  T h e  resul t ing  

Table 3 
Hypothetical and estimated values of M t and T b as a function of time, with different vial heat transfer coefficients, KC and KP 

(1) Time (min) (2) Mti (g) (3) Tbi (K) (4)/~t (g) (5) /~'t (g) (6) 7~b (K) (7) 7~b (K) KC KD 

240 0.92458 251.759 0.92419 0 . 9 2 0 9 6  251.422 251.181 2.64 x 10 -4  3.64 
240 0.79408 249.741 0.79504 0 . 7 9 1 9 8  249.518 249.290 1.32 × 10 -4 3.64 
240 0.73262 248.676 0.73366 0 . 7 3 1 4 2  248.513 248.306 1.32 x 10 -4  7.28 
240 0.64104 246.949 0.64176 0 . 6 4 1 3 2  246.871 246.725 0.66 X 10 -4  7.28 
240 0.54707 245.014 0.54717 0 . 5 4 8 7 8  244.996 244.960 0.66 × 10 -4 14.56 
240 0.48428 243.644 0.48396 0 . 4 8 6 7 1  243.638 243.704 0.33 x 10 4 14.56 
240 1.11073 254.138 1.10509 1 . 1 0 6 0 0  253.697 253.476 5.28 X 10 -4  3.64 
240 1.13179 254.376 1.12528 1 . 1 2 6 9 9  253.928 253.710 5.28 x 10 4 1.82 
240 1.25532 255.672 1.24274 1 . 2 5 0 3 1  255.194 254.994 7.92 x 10 -4  1.82 
240 1.02715 253.134 1.02438 1 . 0 2 2 7 8  252.731 252.498 3.96 × 10 -4 3.64 

All data points were taken at the same drying time of 240 min. The values of R0, A1, A2,  A3, A4, and SSQ for each trial are given 
by the follow parameter sets obtained, indicated by the column number: 
(2) Set no. 1: 5.351, 47.67, 60.18, 43.12, 7.109, SSQ = 0.3048 x 10 -2 (W~ = 1/17). 
(3) Set no. 1: 5.351, 47.67, 60.18, 43.12, 7.109, SSQ = 31.28 (W, = 1). 
(4) Set no. 2: 8.051, 37.27, 25.37, 39.51, 8.818, SSQ = 0.3066 x 10 2 (141//= 1/17). 
(5) Set no. 3: 7.032, 98.82, 68.30, 35.63, 10.75, SSQ = 0.3152 × 10 -2 (W~ = 1/17)). 
(6) Set no. 4: 3.271, 62.53, 49.46, 32.68, 6.522, SSQ = 29.96 (141,,. = 1). 
(7) Set no. 5: 4.705, 35.29, 35.79, 33.86, 4.835, SSQ = 31.29 (W i = 1). 
Note: The hypothetical experimental conditions used are the same as those in Table 2. 
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values of the (xl ,x  2) pairs are: (0.73275,0.53517), 
( 0 . 6 1 6 2 4 , 0 . 8 8 0 9 5 ) ,  ( 0 . 7 3 9 5 4 , 0 . 5 0 8 6 6 ) ,  
( 0 . 3 9 6 1 0 , 0 . 7 9 8 6 6 ) ,  ( 0 . 2 2 7 0 4 , 0 . 1 7 4 3 0 ) ,  
( 0 . 0 0 2 3 8 , 0 . 4 4 5 6 2 ) ,  ( 0 . 6 5 2 2 9 , 0 . 9 0 3 1 6 ) ,  
(0.54836,0.16167), (0.03481,0.75386), and 
(0.20981,0.47415). If the experimental error of the 
dependent variable follows normal distribution, 
the equations described by Box and Muller (1958) 
can be subsequently used to convert the (Xl,X 2) 
pair to a pair with a normal distribution (with 
mean zero and unit standard deviation). With a 
simple modification of the equations by Box and 
Muller, this pair can be converted to a normally 
distributed (Y1,Y2) pair, with the mean/1, and the 
standard deviation o-, denoted as N(IX,~r). The 
resulting equations are given below: 

11l =#  +o'[-21n(x,)]l/2cos(27rx2) (11) 

Y2 =Ix +o'[--21n(xl)]l/esin(2rrx2) (12) 

where Ix is equal to Y(t,O) in Eq. 10. For Mr, or 
was set to be 1% of Mti, whereas for Tb, ~r was 
set to be 1 K. The resulting values of (Y1,Y2) pairs 
generated using Eq. 11 and 12 are listed in Table 
4. Thus, for each time point, two replicates were 
generated, with a total of 20 data points for each 
set of input data, in either Table 2 or 3. Since the 
errors for m t were generated based on 1% of the 
standard deviation, the weight factor W/= 1 / I  7 
was chosen, as described by the discussions fol- 
lowing Eq. 9. Likewise, the weight factor W, = 1 
was chosen for temperature T b. The results of 
parameter estimations using the computation 
schemes depicted in Fig. 3 are presented in Table 
2 and Table 3. The values presented in columns 4 
and 5 in Table 2 or 3 are the predicted values of 
M t, denoted as Mr, after a successful conver- 
gence of the computations with appropriate ini- 
tial guesses of the parameters. These columns 
represent the cases with a typically low and a 
typically high SSQ, respectively. It can be seen 
that the predicted h~¢ t values in column 4 of 
Table 2 or 3 are very close to the Mti values in 
column 2, whereas those in column 5 only slightly 
differ from those in column 2. The predicted 
values of Tb, denoted as Tb, after a successful 
convergence of the computations with appropri- 
ate initial guesses of the parameters, are pre- 

Table 4 
The resulting values of (Y1, Y2) pairs generated for M t and T b 
for each data point in Tables 2 and 3 

For Table 2 
Time (min) Mt (Yl) Mt (]I2) Tb (YI) Tb (Y2) 

60 0.25157 0.25308 247.96257 248.559 
120 0.49108 0.48430 250.95232 249.562 
180 0.70430 0.70951 250.37833 251.112 
240 0.92837 0.91258 252.16866 250.461 
300 1.14327 1.15169 252.96154 253.704 
360 1.29669 1.35620 249.19326 253.633 
420 1.55604 1.53617 253.44251 252.156 
480 1.75630 1.76248 253.42063 253.775 
540 1.94792 1.89627 253.02576 250.372 
600 2.10873 2.15229 251.30902 253.339 

For Table 3 
Time (min) Mt (Yl) Mt (]I2) Tb (Y1) Tb (Y2) 

240 0.91747 0.92298 2 5 0 . 9 9 0  251.586 
240 0.79981 0.78877 2 5 0 . 4 6 2  249.072 
240 0.72694 0.73231 2 4 7 . 9 0 0  248.634 
240 0.64367 0.63272 2 4 7 . 3 5 9  245.652 
240 0.55138 0.55544 2 4 5 .8 0 3  246.545 
240 0.46842 0.48992 2 4 0 . 3 6 9  244.809 
240 1.11915 1.10486 2 5 4 . 8 9 7  253.610 
240 1.13833 1.14233 2 5 4 .9 5 4  255.308 
240 1.25611 1.22280 255 .735  253.081 
240 1.00924 1.03008 2 5 1 . 3 9 0  253.420 

sented in columns 6 and 7 in Table 2 or 3. These 
columns represent the cases with a typically low 
and a typically high SSQ, respectively. It can be 
seen that the values in column 6 are very close to 
those in column 3, whereas those in column 7 
only slightly differ from those in column 3. These 
results indicate that the parameters obtained in 
Tables 2 and 3, with a typically low SSQ, are able 
to give a close prediction of the input data Mti or 
Tb i • 

The accuracy of the normalized dried-layer 
resistance is assessed here using the obtained 
parameter sets in Tables 2 and 3. The values of 
/~p, indicated by Eq. 1, for the parameter sets 
obtained in Table 2 and 3 were computed using 
the primary drying subroutine PDRYS with the 
FTI option, and presented in Fig. 4 and Fig. 5, 
respectively. It should be emphasized that it is 
not appropriate to use Eq. 1 to directly compute 
/~p for this assessment, since /}p is defined as a 
function of the temperature at the moving sur- 
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face of the frozen layer T a in this paper, which is 
a variable over the entire drying period. Fig. 4 
shows that the three parameter sets, sets no. 2, 3 
and 4, give fairly close prediction o f /~p  over the 
entire time period simulated. Set no. 5, which 
represents a parameter set with a typically high 
SSQ, gives a higher deviation in predicting R o. 
By comparing Fig. 5 with Fig. 4, it shows that the 
parameter sets in Fig. 5 give a relatively higher 
deviation from the theoretical /~p values than 
that in Fig. 4. As shown in Fig. 5, sets no. 2, 3 and 
4 give a closer prediction than sets no. 5 which 
represents the case with a typically higher SSQ. 
The results presented in Fig. 4 and 5 indicate that 
the parameter set with a typically^ low SSQ is able 
to give a close prediction of R o with the per- 
turbed errors investigated. For the parameter set 
with a typically high SSQ, such as set no. 5, an 
interesting phenomenon is observed by compar- 
ing Fig. 4 with the numerical values in Table 2, or 
Fig. 5 with the numerical values in Table 3. It 
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Fig. 4. Comparison of dried-layer resistances for various esti- 
mated parameter sets in Table 2. These parameter were 
obtained after successful convergence using appropriate initial 
guesses of the parameters, with the following short-hand 
codes: (1) TPL: typically low SSQ; and (2) TPH: typically high 
SSQ. Set no. 1, theoretical parameters: 5.351, 47.67, 60.18, 
43.12, 7.109. Set no. 2: time variation, simulated M t data, 
parameters with TPL: 6.574, 55.56, 42.63, 39.00, 8.748. Set no. 
3: time variation, simulated M t data, parameters with TPH: 
5.402, 44.38, 9.988, 23.98, 7.109. Set no. 4: time variation, 
simulated T b data, parameters with TPL: 3.484, 35.11, 78.11, 
47.39, 4.376. Set no. 5: time variation, simulated T b data, 
parameters with TPH: 2.148, 37.33, 62.72, 35.05, 0.6187. 
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Fig. 5. Comparison of dried-layer resistances for various esti- 
mated parameters in Table 3. These parameter were obtained 
after successful convergence using appropriate initial guesses 
of the parameters, with the following short-hand codes: (1) 
TPL: typically low SSQ; and (2) TPH: typically high SSQ. Set 
no. 1, theoretical: 5.351, 47.67, 60.18, 43.12, 7.109. Set no. 2: 
K v variation, simulated M t data, parameters with TPL: 8.051, 
37.27, 25.37, 39.51, 8.818. Set no. 3: K v variation, simulated 
M t data, parameters with TPH: 7.032, 98.82, 68.30, 35.63, 
10.75. Set no. 4: K v variation, simulated T b data, parameters 
with TPL: 3.271, 62.53, 49.46, 32.68, 6.522. Set no. 5: Kv 
variation, simulated T b data, parameters with TPH: 4.705, 
35.29, 35,79, 33.86, 4.835. 

shows that the deviation between the predicted 
M t or T b and the theoretical one is much smaller 
than the deviation between the predicted/~p and 
the theoretical one. In fact, the values in column 
7 of Table 2 or 3 are fairly close to those in 
column 3 of either table. 

4. Conclusions 

The proposed approach is robust for estima- 
tion of the dried-layer mass transfer coefficients 
during primary drying using experimental data 
obtained from various experimental conditions, 
including the non-isothermal conditions. The nu- 
merical exercises demonstrate that both the cu- 
mulative mass of sublimation M t and the temper- 
ature profile at the bottom center of the frozen 
layer T b can be successfully used as the input 
data to obtain desired mass transfer coefficients. 
In fact, the temperature profile at any specific 
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location along the axis of the cylindrical frozen /~t(t) 
layer may also be used. The experimental efforts 
may be minimized by the proposed approach in Mti(t) 
two ways. First, since the temperature profile at a 
location in the frozen layer can be easily moni- 
tored without a major alteration of the freeze 
dryer, the proposed approach can considerably t ¢ 
minimize experimental efforts. Second, it may 
also be possible to minimize experimental efforts {m 
without alteration of the freeze dryer by using 
vials with different heat transfer coefficients. This rh 
strategy, however, needs to be substantiated using rhavg 
an actual experiment. The F O R T R A N  programs 
and documentation are available upon request N(/x,~r) 
from W. Kuu, where the documentation contains 
all detailed mathematical equations and compu- 
tational steps. NS 

5. Glossary 

Symbol Meaning 

A1,A2,A3,A4 

Ap 

ASV 
ATV 
Av 

d 

KC,KD 

K1 

KP 

Ks 
KTC,KTP,KTD 

Ktr 
Kv 

:m 

Mt(t) 

mass transfer coefficients, used 
in Eq. 1 
cross-sectional area of the 

product in the vial, in cm 2 
shelf area per vial, in cm 2 
tray area per vial, in cm 2 
vial area (calculated based on 
the outside diameter), in cm 2 
inside diameter of the vial, in 
cm 
constants associated with vial 
heat transfer coefficient 
effective thermal conductivity of 
the frozen layer 
constant associated with vial 
heat transfer coefficient 
heat transfer coefficient 
constants 
tray heat transfer coefficient 
vial heat transfer coefficient 
maximum thickness of the 

frozen layer, in cm 
cumulative mass of sublimation 
at time t, in g 

e0 

Pc 
Pv 
R0 

Rp 

Rs 
So,S1 
SSQ 

L 

Tb 

L 

estimated cumulative mass of 
sublimation at time t, in g 
simulated cumulative mass of 
sublimation, in g; used to mimic 
the experimentally determined 
value 
thickness of the dried layer at 
any time, in cm 
maximum thickness of the 

frozen layer, in cm 
sublimation rate, in g / h  
average rate of sublimation, in 
g / h  
normal distribution, with a 
mean of /z  and a standard devi- 
ation of ~r 
number of drying stage used for 
computations 
equilibrium vapor pressure of 
the subliming ice, in mmHg 
chamber pressure, in mmHg 
pressure in the vial, in mmHg 
dried-layer mass transfer coeffi- 
cient, used in Eq. 1 
dried-layer resistance, in (Torr 
h g  -1) 

area normalized dried-layer re- 
sistance, in (cm 2 Torr  h g - l )  
stopper resistance 
stopper mass transfer constants 
sum of squares 
temperature at the moving sur- 
face of the frozen solution, in K 
temperature at the bottom cen- 
ter of the frozen layer, in K 
estimated temperature at the 
bottom center of the frozen 
layer, in K 
simulated temperature at the 
bottom center of the frozen 
layer, in K; used to mimic the 
e x p e r i m e n t a l l y  d e t e r m i n e d  
value 
temperature of the cooling fluid 
in the freeze dryer, in K 
shelf temperature,  in K 
surface temperature of the tray, 
in K 
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w/ 
(X1,X 2) 

( YI,Y2 ) 

V, 

? 

E 

IJ 

0 

I.L 

o" 

P] 

weighting factor used in Eq. 9 
a pair of uniformly distributed 
random numbers 
a pair of normally distributed 
dependent variable Y, as given 
by Eq. 11 and 12 
observed dependent variable, 
representing e i t h e r  Mti  o r  Tbi 

estimated dependent variable, 
representing either/~t or Tb 
porosity or volume fraction of 
water in the frozen layer 
error of the dependent variable 
of either Mti or Tbi, used in Eq. 
10 
parameter of the dried layer re- 
sistance in Eq. 1, used in Eq. 10 
mean of the dependent variable 
o f  e i t h e r  M t o r  T b. 

standard deviation of the de- 
pendent variable of either M t 
o r  T b 
density of ice, in g/cm 3 
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